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0. SUMMARY

A characterization of the exponential distribution is shown by
considering the identical distribution of the random wvariakles,
. : ' . .th

X and (n-i+l) (xi,n xi"l,n)' where Xi,n is the i~ order

statistics in a random sample of size n.
“1. INTRODUCTION

Let X be a random variable (r.v) whose probability density
function (p.d.f.) is

o"! exp (~x/0), x >0, © > 0 (1.1)

il

£ (x}
= 0, otherwise

Suppose Xy, Xyreeny Y be a random sample of size n from a

population with p.d.f. f(x),lx ? O; and le£ X < X < een

1;n 2,n

% Xn n be the associated order statistics.

:
kotz (1974) discussed extensively the characterizatiéns of -
exponential distribution by order statistics; Desu (1971) showed
that the exponential distribution is the oniy non-degenerate one
with the property that for all K,K times the minimum of the
random sample of size K from thé distribution has the same

distribution as a single observation from the distribution.
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Arncold (1971) proved that the ch%racterization-is presérved
in Desu's theorema Yfor all K' is'replaced by two intergers K
and K, relatively prime and distinct'from 1. Pufi‘aﬂd Rubin
(1970) prerd tnat if Xl and X2 are indepéndeﬁt copies of a r.ﬁ.
X with p.d.f. £(x), then X and | X, - X, | nave tne sanme |
distribution if and only if f (x) is as given in (1.1).

If F(x) has the density f(x), the ration h(x)=f(x)/(1l-F(x) is.
defined for F(x) <. 1, is called the hazard rate.

Most materials, Structures_andndevices where feplacement is
considered wear out with time, the distribution with increasing
hazard raté are of interest. | |

The distribution with decreasing hazard rate may also arise in
'realiability as reflection of 'wdrk hardériﬁg' etc. Barlow,‘
Mafsnall and Praschan (1963) considered-properfies-of.prooaDility
distributior. with monotons hazard rate. .

In tnis paper we consider a characterization of the exponential

distribution bringing the concept of monotone hazard rate.

2, CHARACTERIZATION

Let X be a non-négative r.v. having an absolutely continuous
{with respect to Lebesgue measure) strictly increasing
distribution function F(x) for all X >0, and F (x) <!, for

all x. Then the follcging properties are equivalent:



(a) X has an exponential distribution with density as given in (1.31)
- {b).X has a monotone hazard rate and for any fixed i, 2 £ 1 ¢ n

and n 3.2,f£he statistics (n-i+l) (X,

i,n "-Xi—l,n) and X are

identically distributed.

Proof: (a) =) (b)

‘h{x) = £(x)/(1-F(x)) = 0”1, Considering the joint probability

of X, and X..
l—

in , and using the transformation U = X, _-and
! 3 '

1,n i,n

.V = (n-i+l} (X, - X.

i,n 1—l,nj' it can be shown ;haLlV is identically

disbuted as X.
Proof (b) ==y (a).

the probability density of Y ,Pyke (1965),

bet Yi B Xirn B Xi-l,n’

is

fy y) = n] I (F(u))i—2 (l—_ic"(u~|-y))n'fL £(w) £ (uty)du  (2.1)
i (1-2) 1 (n-1)! O o T _ .

Substituing 2 = (n-i+l) Yi, we get the p.d.f. of 2, as

- nj . s . : .
£,(2) = = P E T2 anr s 2 PR £ (e ) S5
' (i-2){(n-1)| 0 n-i+l . h-it+l n-i-tl
Since Z and X are identically'distributedf'we get
. n| - -,_2 - 7 n-i+l
£(2) = : I (F(w) T (1-F (u + —=—)du, (2.3)
| (i~2)|(n-i+1)l 0 . n-i+l

Writing

.__-‘| o | - . s )

(i-2)l(n-i+1);, _ 2 op iyt 2 (1-F (u}) P i+l £ (1) du

nl ‘ 0



and rearranging we get from (2.3)

n—i+1 Z ))n”if(u Z ﬂﬁu

n-i+l n-i+l

0 =" (F(u)}17%E () { £(2) (1-F(u))
0 o
(2.4)
for all Z
Integréﬁing (2.45 with respect 2 forxm 0 to'Zl, and interchanging
the integration (which is permitted here), we get

i-2 n-i+1

0 = /% (F(u)) (L-F (u)) G(u, Z,)du ' (2.5)
0 ' -
for all Zl, where
Z
1-F (ud —i— )
: n-i+l . : . :
Gluy, 2y) = M eF ) (2.6)
1-F(u) °

By Lemma 1, given in 2ppendix, we have

G(0, Zi) = 0, for all 2,, i, e,.
1-F (2) =.(1—F(—*§—-—1)“'i+l ‘ (2.7)
n-i+l
for all 7.
'lSubstituing H(Z) = and usiﬁg P (Z).= - log H(Z),
¥ (Z),= (n~i+1) ¢ (;__E“_), for all 2Z. . | _A. l.ﬁ2.85

n-i+l



We know F(Z) is strictly monotone increasing functioh with

F{2) < l,?Tor all 2, hence_¢ (Z) is cont;huOus for all 2, thus

the solution of (2.8) ., Aczel (1966), is ¥ (2) = Cz (2.9)
Where C is a constant, tHus>F(Z) = 1- e™ ",

. Using the boundary condition F(0) = 0 and F{= )= 1, we get

F{x) = 1- &%

where 0 > 0. A _ (2.10)

3. APPENDIX

Lemma 1:

Let F(x) be the absolutely'continuous-(w.r.t.'Lebesgue meaéure)
moﬁotone str¥ictly incfeasing distribution of a non-negative r.v.
X, and F(0) .= 0, F(x) <1, for all x and f(x) the coxrresponding

‘p.d.£f. If the hazard rate h(x)=f(£)/(l—F{x)) is monotone and if

n-i+1

o E ) T -F ) Glu,2)du = 0, for all z, (A.1)
0 - »
where . 1-F (u+ ——3———)
: n-i+l np-ji+l .
G(u,z) = ( ¥ -(1-F(2})), then
1-F (u) .
G(0,2) = 0, for all-Z



Proof we have Gﬂu,O) =0 = G{u, = }
8 Glu,2) = (n-i+1) q{u,Z)(h(u) ~h(u + —2—0)) (A.2)
au ) n-i+1
1-F (u+ mﬁg———) :

. - _'+

where g(u,2) = ( n-itl ot .
1-F(u)

(i) h(x) = constant. for all x

"‘%G“’ G{u,2) = 0 for all u and Z, then G(u,2) is

independent of u for all Z, hence by . (a.l), G(u,2) = 0 for all
u and Z.

(ii) h(x) is strictly decreasing in x.

1

For strictly monotone decreasing hi{x) in x, it follows from (A.2)
tﬁat G(u,Z) is strictly monotone increasing.in u with fixed Z. We-
know also Barlecw and Praschén (1965) Ehat iog'(l-F(ﬁ)) is convex.
For (é.l) to be true G(u,Zz) er-Z = Zl{ if G(u,zi)é 0, must be -
negative for‘ul el and is an interval [.o,c_] ,whe;e c is a real

number. Let Yje I, then G(ul,zl)< 0.

o 2
BZl

Glup,2)) = £(2)) = qu;,2)) hly) + —i—)

- n=i+l
)
n-i+l. .

(1-r(z))) [h(z ) -h(uy + -) g(u;,zl)/(l—F(zl))]
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n-i+l

> (1-F(2))) (h(z;) = huy # )Y
since G(ult;zl)< 0, qluy, Zl)/(l-F(Zl)} <1,

2

> 0, iful+-——-l-->zl, i, e, zl>--’-‘-:-l-ﬂ-—-ul
n-i+l ' n-i

Thus G(u;, 2Z,), when negative, as a function of 2, for fixed u,; is

‘ , . . n-i+1
increasing if Zy > —asr Y-
For any arbitrary small positive § , we may take u; = n-d 6 then
' n-i+l
for any 2 > §, G{ N7l s r Z) is in increasing with 2.
n-i+l
But G{ n-: § , Z2) increases to zéro for all Z2.> § , as Z — = ,
' n-i+l '
G(f—E:im— § , 0) = 0 for all & . Hence by continuity of
n-it+l
G(—=- §,2) in % it follows that G(—=—2— § ,2) = 0 for all z.
n-i+l - n=-i+1l

Hence G(0,2) = 0 for all Z.

(iii) h(x) is strictly monotone increasing in x. In this case G(u,Z)
~Will be strictly decreasing. Similar to argument in (ii), it can be

proved that‘G(O; Z) = o for all 2.
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