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0. SU?NARY 

A characterization of the exponential distribution is showu 

by considering the identical distribution of the random variables n 

and (n-i+l) (X. 1,tl  -X i1 ,n ), where X 3  . 

11 

 is thejth order statistic, 
, 

(j'i, i, i - i) is a saniple of size ri. 

1. INTRODUCTION 

Let be a random variable (r.v) whose probability density 

function (p.d.f.) is 

f(x) 	exp (-x/O) , 	x>0 	6>0 

= 0;otherwise. 	 (1.1) 

Suppose X1  X2 	, X 
n 
 be a random sample of size n frota a population 

with p.df. f(x), X >0, and let X 
1,n < X 2 n < 
	CX 	be the associated 

, 	 n,n 

order statisties. Kotz (1974) and Calambos (1975) discussed extensively the 

characterization of exponential distribution by order statistics. Desu (1971) 

shot.'ed that the exponential distribution is the only non-degenerate ana 

that for ali K, K tirnes the minimum of the random sample af size K from the - 

distribution lias the sarne distribution as a single observation. Sethuraman 

(1965) proved a stronger forrn of Desu's theoretu. Puri and Rubin (1970) 

proved that if X1 , X2  are independent copies of a r.v. X with p.d.f. f(x), 

then X and 1 X1 -X2 	have the sarne distribution if and only if :f(x) as 

given in (1.1). If F(x) has the density f(x), the ratio h(x)=f(x) / (1F(x), 

for F(x) < 1, is calied Lhe hatard rata. Mest materiais, structures atd 

1. 



2. 

devices where rcplaceninenc is considerod wear out tiLh time; Lhe distribution 

with inereasing hazard rato are af intcrest. 

The distribution with decreasing hazard rale rnay also avise in 

realiability as rcflection of 'work hardening' etc. Bariow, Marshall and 

Prdschan (1963) considered properties of probability distribution with 

monotona hazard rato. Ahsanul].ah (1975) gave a characterization of 

exponencial distribution by considering identicali distribution of n 

and x. L,fl  -x 
n 1 fl 

In this paper a generalisation of Lhe author's (1975) 

work is given. 

2. CHARACTERIZATION 

Let X be a non-negative r.v. having an absoiuteiy continunus 

(with respeet Lo lebesgue measure) strictly increasing distribution function 

F(x) for ali x > O, and F(x) < 1, for ali x. Then the foliowing properties 

are equivalent: 

(a) X has anexponential distribution with density as given in (1.1) 	- 

(b) X has a monotone hazard rata and for any fixed i, and n, 2 < i < n, the 

statistics (n-i+l) (X i,n 
	i-i,n 
- X 	

1,n ) and a X 	are identicaily distfibuted. 

Froof: (a)(b) 

Let h(x)= f(x)/(i-F(x)=Ø. Considering the joínt probabiiity of X 	 and 

X. 	
i 

and using Lhe transformation U = X. 	and V (n-i+l) (X 	X. 	) it i,n 	 ,n i-1,n 

can be shown, using the value of h(x)= 6, that V is identicaliy distrihuted 

as n 
l,n 

Froof; 	(b)'(a) 



3. 

Ler Y. = X. 	, the probability density of Y. , Pyke (1965), is 
1 	1,fl 	 1 

f (y) 	n!_____ 	(F(u))' 2 (u+y)) 	f(u) f(u+y) du 	 (2.1) 
i 	(i-2)!(n-i)! 

Substituting Z= (n-i+1) Y., we get the p.d.f. of Z, as 

f3(z) = (i-2. (n-i+]»! f (F(u))' 2 ( F(u+zt(n-i ))) 	f(u) f(u+z/(n-i1i)) du 

(2.2) 
The probability density funetion of W = nX 1 	is 

f% ,(w) 	(_ 	/fln-1 f(w/n) 

Since 2 and W are identically distributed, usihg the fact 

(flfl12 (l_F(Ufln1 	Lo 	du, 

We get on simplification froni(2.2) and (2.3), 
co 

i-2 n- i+1 
O = f0 (P(u)) 	(1F(u)) 	f(u) g(u,z) du, fpr ali i, 	 2.4 

Where 

g(u,z 1 ) 

(1-F(z/n)) 1  f(z/n) - (1-P(u+z/(n-i+ifl1(1-F(ufl)1 f(u+z/(ni+ifl/ (iF(u) 

Iitegrating (2.4), we respect to zfrom O to z 1 , we obtain aLter some 

simpiification 

fl1+ 

0 = o (F(u))2(1F(u)) 	1 f(u) C(u,z 1) du = O, for ali z 	 (2.5) 



4. 

where 
/ 	 z 

11F (u+-1r 	\ 
O (u, zi) = 	

rri1 / 
	

- (1F -)) 	 (2.6) 

\1-F(u) 	/ 

By .  lcmna 1, given in appendi.x, we have 

G (0, Z 1 ) = 0, for ali Z 1 , i, e, 

(1E (--1 )f 1  =(1P 	for ali z 	 (2.7) 

Substituting H (z) = 1-E (z), Y(z) = - log II (z) and 

y= 	z, weget 

n-i+1 	'Y(_' . (y) 	 y), for ali y, 	 (2.8) 
ri 

We know F(z) is sttictiy inonotone incrcasing funetion with F (z) < 1, 

for ali z, hence y (z) is continuous for ail z, thus the solution of 	(2.8) 

Aczei (1966), is 

'P (y) = cy  

Where c is constant, thus F(y) = 

tJsing the boudary condition F(0) = 0, and P ( 	) = 1, 

we get 

E (x) = i_eOX 	 (2.10) 

Where O ' 0 



3. APPENDIX 

Letuma 1: 

Let F (x) be the absolutely continuous (with respcct to lebesgue rneasurc) 

monotone strictty inereasing distribution function on a noirnegative r.v.X, 

and E (0) 	0, E (x) ;< 1, for all x and f(x) be the correspondng p.d. f. 

If thc ha-zard rate is monotone and II 

; (F( u) )h2 (1-E (u) 1  f (u) G (u,z) =0, 

for fixed i, and n and ali z, where 

n-i+1- 
(lF(U + 
	)) 	

-(i-F 
 (flfl 

G (u,z) = 
 

G (0,z) 	O; for ali z. 

Proof: 

We have G(u,O) = O = G(0, o) 

	

G (u,z) = (iri+1)q (u,z) (h (u) - h (u i- 	)) 	 (A.2) 
n-i+1 

where z 
/1-F(u + 

(u,z) 	1 - E (u) 	

)n-i+l 

(1) h (x) = constant for àil x. 

G (u,z) = O, for ali u and z, hence G(u,z) is independent af u for 

ali ii and z. 
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(ii) h(x) is strictly irorotone decrasing in x. 

It foliows from (A. 2) that G(u,z) is strictly inercasing in u, with 

fixed z. For (A.].) to be true C(u,z 1 ) for zz 11  if G(u,z 1 ) $0, nust 

be pegative in an inrerval including the pcnt zero. Let ti e 1, witere 1 

is an interval (o,b) ,b is a real nuxnber. Then G(u 11  z 1 ) <0, for ii £ 1. 

n 
(i-F(z /n)) 	L(u ,z 1 ) 

1 	1 	 1 

witere 

£(u 11  z 1 ) = h (z 1 ) - m(u 1 , z1 ) h (u 1 +z 1 / (n-i±l)) 

and 	 - 

rn(uz) = (11(1F(z1 /n)))n ((i.F(u1+z1/( iv i+1)fl/(1 F ( u1 )flui 

G(u 1 ,z) < O 	4' m(u 1 ,z 1 ) < 1 

Hence for u e 1, 

fr C(u, zi) : 

	

(h (z1) - h(u1+z1/(n-i±lfl) 

Thus G(u 1 ,z 1 ) is inereasing with z 1 . But G(u 1 ,O)=0 

and G(u 11 	)=0, therefore it fo11ot's by the continuity of G(u 1 ,z 1 ) 

that G(u 1 z 1)=0, for ali z 1 . Hence G(O,z 1 ) =0, for ali z 1 . 

(iii) h(x) is strictiy inonotone incrcasing in x. In this case G(u,z) will be 

strictly monotone decreasing in ti with fixed z. Foilowing the sitailiar 

argument as in (ii) it can be shown that G(0,z)0 for ali z. 

6. 
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