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ON SYSTaIS ND ITS ANTLYSIS 

M. zhsanullah 

May 1975 

O. INTRUCTION 

In this paper attention will be given mainly on the systems 

that are linear. A systen is called linear if - (i) an ixtut x, (t) prcduces 

an output y, (t) (ii) an frvut X2  (t) prcduces an ctput Y2  (t), theri an 

irnput C1X1  + c2x2  (t) prcduces ari output c1y1  (t) + c2y2  (t) for ali 

pairs of inputs x1  (t) and -x2  (t) and ali pairs of constants c 1  and 

we will for convenience classify the linear systs'n as 

a) linear systent with continuous variable 

b) linear. system with discreta variables. 

We shall denote the inlependent variable by t • A system in 

wbich the ixnput and output are all continuous is called a continuous 

systan. Most continuous systexn can te represented by differential 

uations. Siinilasly a systan with disárete ir.it and aitput will be 

called discrete systati. A discrete system nostly will te representa by 
difference equations. 



1. LINEAR CONTINUOUS SYSTEM 

(A) 	It will te convenient first to consider syste with oS 

inçut and one output. 

(t) = a X (t), X(0) = xof where a is 

a real constant and) (t) =dt  X(t) 

The solution of the equation is 

X(t) = eat X(0) 
	

(1.1) 

If (i) a > O, (1.1) will reDresent an exponential growth 

(ii)a c O, (1.1) will represent an exponential grcwtb decay 

(iii)a = O, then X(t) = X(d) which means a cczrrplete xrerrcry of a past 

value. 

109(X(t1)/X(t2 ) = a (t1  - t2 ) 

(E). 	Geaera1 linear system with ccnstant coefficients 

(1) Diagonal systsn 

(t) = X1  x1  (t) 

2; 



3 . 

(t) = '2 2  (t) 	 (1.2) 

(t) = X X (t) 

Even tlnigh the alxve ircci4 repesents an n-th order systan 

by a vecfor of n elernents, the n first order differential equations are 

independent. Writting in iv.atrix notation. 

(t) 	 x (t) 	À1 	00 ... O 

x2 (t) 	,x(t)= 	x2 (t) ,A= 	O 	À2  ... O 

X 	(t) -. 	(t) ..................- 

O 	00... 

Defining the inatrix exponential as 

emt= E 	(Mt)J_I+Mt+1M22+ 

i=0  

Substituting M = A , a diagonal natrix, we .get 



À J  o 	o ... o 

= O À2 anci hence 

o o 	0 . Xn  

xt 
e 1  O 0 ... 0 

x 2t 
0 e o... o 

Àt 
O 0 O 

(0) 

(0) 

with K..(0) = 

Xn (0) 

tbe solution of (1.2) is 

• (t) = eAt x (0) 	 (1.3) 

4. 



13 (ii) 	Non diagonal systeti 

2 	
X ln n(t)  

(t) 	a21  X1  (t) + a22  X2 (t) +...+ a 2n ri X (t) 	(1.4) 

x (t) = a 1  x1  (t) + a 2  X2 (t) +...+ a X(t) 

In the rnatrix for 

X (t) = A X (t), where 

a11 	a12  ........ 

a21 	a22  ....... 

a 	a 	......... 

the e1ernts of A are not functions of any of the X'S • We shall shczi two 

different methcds of thé solution of the equation (1.4). First by 

converting ti-te systan to a diagonal one and send1y by the use of laplace 

transformation. Let T be a non singular matriz such that T'AT = A , where 

is a diagonal matriz. Let X* = T -1  X, then 

*  
d 	X (t)=T 

-1  X=T-1  Ax(t)=TATX
* 
 (t)=AX

* 
 (t)  

dt 

S. 



'Itius (1.5) is a diagonal systen on tho transforrned variables, solution of 

(1.5) is 

* 	* 
X (t) =eA 

t
X (0) 

WrittingT = (t.), we get 

[xi  (t) 

1 = T [ 
	

'] [ii 
e?1t  4 (0) +. . ..+ t 	X (0)] 

3 	X' (t) 	t a  .e t 4 (0) +....+ t e  X X (t) 	 X (0) 

t11 4 (0) 	 tX*(0) 
in 

= 	e xi 	 e t 

tni  X (0) 	 tnn 	(0) 

6. 



X1 (t) 

X2 (t) 

x n (t) 

(t) = dt 2i. (t) = 

i1 (t) 

• 

e 

a11 (t) 

a21 (t) 

A (t) = 

ani 

a12 (t) • 	a(t) 

a22 (t) 	... a(t) 

• 	 e 

• 	 e 

a 2  (t) 	a (t) 

The other forrn of linear sys teu with time clependent coefficients niay te as 

follaGs: 

(t) = a_1  X' 1  (t) + a_2  t 	(t) +...+ a1 (t) X1  (t) 	 (1.10) 

where 

(2) 	 (n-1) 
(t) = X1 (t), X(t) = x2  (t),..., x 	 (t) 



The above will give 

x(t) = O + xi (t) 

x1 (t) = o + o + x2 (t) 

x ri-2 	 ... (t)=0+O+O+O+Xn-1  (t) 

X 	(t) = a0  (t) X(t) + a1  (t) X1 (t) +.,.+ a n-(t) J- 

or 	in rnatrix notation 

	

(t) =A(t) x(t) 
	

(1.11) 

	

O 	1 
	o ... o 

	

1• .o 	o 	O ... o 
A(t) 	

( 

0 :(t) a1  (t) a2  (t) a3  (t) ... a 1  (t) 

Let X1 (t), X2 (t),.... x(t) be a set af in5ependent 

solutibn of the differential equation of degree n of (1.10) 

thenx1 (t), X2 (t),.... X(t) will be 

9. 



10. 

7 x1(t) \ 	 / x
2 (t)\ 	 /xi (t) 

x1(t) 	( x(t) 	,X2(t) = 
	( 	

) ,x(t) = 
	( 	

X(t) 

\ x(t)/ 	 \\x(t) J 

Linear systan with forceã input 

= a11  X1 (t) + a12  X7 (t) + ... + a X(t) + 	(t) 

x(t) = a21  X1 (L) + a22  X2 (t) + ... + a X (t) + r (t) 	 (1.12) 
2n n 	2 

X(t) = a 1  X1 (t) + a n2  (t) +. ..+ ann X n 
 (t) + r n  (t) 

a' s are irependent of t 

In matrix forra (1.12) can be written as 

x(t) = A X (t) +R (t) 

t 
X(t) = W(t) x (0) 

+o 
W(t-c) R(c)dc 

where w (t) =(SI_A)_1 

Exarnple: 

x1 (t) = X2 (t) + r1  (t) 

X2'(t) = 21(t) - 3 X 2 (t) r2(t) 

(1.13) 



(O 1 
A. 

\c2  -5 

f.r1  (t) 
R(t) = 

\r2 (t) 

11. 

s 	-i'\ 	- 	 ( s+3 
31A = 	 ) , 	(SI-A) 	= 

	

\, 2 s+aJ 	 32 + 35+2 \_2: 	5 

/  2e -t - e 	(e -2t 	- -et 	-2t 
-, 	(( 	 ) 

w(t) =Ç. 	(SI-A) 	= 	-t-2t  
- e 	) 	(2e  

2e 

	

-(t-c) 	e -2(t--c) - 

W(t-c) =( 
	(t) 	-2(t-c) -e  

-(t) 	-2(t-c) (e. 	-e  

(2e 	
1 

-2 (t-c) -e - (t)) 

2. Linear Discreta Systen 

(A) Discreta systan with constant coefficients 

(i) For convenience we will consider in the begning the systan with cri 

irput one output. 

Discrete 
x(K) 	 Y(K) 

Systet 



Y(K) - Y(k-1) = X (k), a is irdependent of k, 

x(0) = 1 

X(k) = O for k y  O, 

Y(m) = O if tu C  O 

Y(0) = 1 

Y(1) - a Y(0) = X(1) 

Y(1)= a 

Y(2)= a2 ,... Y(k) = 

Thus the solution is 

Y(k) = c»fork> O 

= O for k c O 

(ii) general disaete systert with constant coefficients 

	

(k+1) 	a11 a12  ... a 	X1 (k)ln 

	

X2 (k+l) 	a21  a22  ... a2  X2 (k) 

r(k) 

	

X(k+1) 	a 	a& ... a 	X(k) 

12. 



In matrix notation 

X (k+1) =AX (k) +13r(k) 

X (1) = A(0) + B r (0) 

X (2) = A X (1) + fl r (1) = A2  X(0) + AB r(0) + & (1) 

k-1 
X (k) = AR X(0) + L A3  E r (k-m--1) 

j=O 

Linear discrete systan with tine dendent coefficients: 

The discussion of this type of systaris and their solutions will not be 

discuss&1 here but interd to discuss in some other occasion. 

&nraxy and Discussion 

The identification of systan and subsuent analysis involves a gocd deal of 

ccrnputer work. Morewer there may occur sane objective function whose 

ininimization a inaxinization Inay be of iriterest. This will add to the 

inp1exicity of the problan. Hoaer with Ind work and will p1annd .  

procedure fruitful result can alwaus be achived. 

13. 
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