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0. INTRODUCTICHN

In this paper attention will be given mainly on the systems
~ that are linear. A éysten is called linear if (i) an ngut %, (t) produces
an output y, (&) (ii). an imput X, (t) produces an output Y, (t), then an

imput CyX; + c,x, (t) produces an output c,y; (t} + oy, (t) for ail
"pairs of imputs X3 (£) and‘x’:2 () and allvpairs of constants cy and S,
we will for convenience classify the linear system as

a) linear éy;tem with continuous variab.le

b) linear system with discrete variables,

We shall denote the independent variable by t. A system in
which the imput and cutput are all continucus is called a continuous |
systén. Most oontinuou.s system can _be reéresepted- by differential
er:juations. Similasly a system with disc';rete imput and wﬁppt will be
called discrete system. A discrete system mostly will be_ _represénted by

difference equaticns.



1.

LINEAR CONTINUQUS SYSTEM

&) - It will be convenient first to consider system with.one

imput and one output.

S X () =aX (), X(0) =X, where a is

- d

a real constant and X (£) = S X (E)

The sclution of the equaticon is

X(t) = e X(0)

CIf (i) a> 0, (1.1) will represent an exponential growth

(ii) a < 0, (1.1) will represent an exponehtial growth decay

(1.1)

(iii) a = 0, then X(t) = X (0) which means a carplete memory of a past

value,

log (X(£))/X(ty) =a (t) - &)

(B) - ‘ General linear system with constant coefficients

(ri)‘ Diagonal system

X (®) =2y Xy (8)



X, (£) = Ay X, (8) | (1.2)

it

X (e) =2 X (t)
Even though the above ncode] represents an n-th order system
by a vector of n elements, the n first order differential eguations are

independent, Writting in matrix notaticn.

. T 3 . "
X, ® | X) (t) (A, 00 ... 0
-“X'rl (t) J - L Xn (t)J LI BN B BN AR B B BE O BN I B .
ko 00 -es )\n ’-L

Defining the matrix exponential as

. (Mi;)j 1,2 .2

mt =I+I:§-'t+"2—ﬂ t +|ooc.

e = I
3=0

Substituting M = A , a diagopal matrix, we get



- .
k
Ay 00 .0
k
pFo= 0 Ay o0 eee 0} and hence
0 0 0 ... AF
. n_|
g At b
e 0 "0 ... DO
Ant
eAt = 0 e 2 0 ... 0
At
0 0 0 ..el
" —
Xl (0)
X, (0)
with X.(0) ={ .
X, (©)
" /P

the solution of (1.2) is

X (&) = et x (0) (1.3)



B

(ii} Non aiagonal system

Xy () = ajy Xy (£} +ayp Xy (8) +o.ot @y, X, (€)
Xy (6) = ag) Xy () + 2y, () oot 2z, X,(0) (2.4)

Xn (£) = a X3 (t) + a_, X2 (£) +...-l; am',1 Xn(t)_

In the matrix for

1,2 s wasess aJ-n

S
|

azl a22 LI azr)

Y FEREEEE RN A B I A N

a‘nl an2 tsassanne ann

. -~

the elements of A are not functions of ahy of the X'S. We shall show two

different methods of the solution of the equation (1.4). First by

converting the system to a diagonal one and secondly by the use of laplace

t_ranéforrtation. Iet T be a non singular matrix such that T'AT = A , where

-1

*
is a diagonal matrix. Let X =T -7 X, then

a Yw=rltx=11
at

Ax@ =Trarx @ =A% (® (.5



Thus (1.5) is a diagonal system on the transformed variables, solution of

(1.5) is

Writting T =

X (1) = ent X (0)

(ti_) , We get

]

A&

~ -~ At
17 * ant
t, e Xy (0) +.oot £y @
S Ant JF : ant
_j tnl.e . -Xl (0) +....t tme
1 -
il ~
tn X (0)
+ aaa'+ * e)‘nt
* :_
'tnn Xn (0)_
~ P

*
X
n

(0)

*
10

~




- g <. ~
X, (£) xl(t)
x2 {t) x2 (t)
X = | . LRI =S X (6) = .
an(t)'/ _ Xn(t) )
/. ‘ ~
ajy (t) a)5 &) oo ay, (t)
azl(t) a22_(t) cee A (t)
A (L) = ) i )
ay (t) a9 (t) an (t) -
L - »

The other form of linear system with time dependent coefficients may be as

follows:

x™ ) =a_ x® Vi va 2 (0 vk a @ X ©) (1.10)

. where

1 (2) (n-1)
X ) = Xl(t), X{t) = X2 (t),eee, X ‘—‘Xn_l {t)



The above will give
X(t) =0+ Xy (t)

Xl(t) =0+ 0+ Xz(t)

X o (t)=.0+0+0+0 eve T X 4

X . (8) =ay (&) X&) +a) (€) Xy (6) +oota

or = in matrix notation

R (8) = Al X@E)

At) =

ao-:--(t) al (t) az(t) ag(t) ... n__l(t)

Let Xl‘(i.:), o8 (2 RO Xn(t) be a set of independent

solution of the differential equation of degree n of (1.10)

then Xl-(t)' Xz(t),..., Xn(t) will be

(t)

(1.11)



10.

. n
X, (8) | X, (£) X, (t)
’ : _ 2 _ n
xl(t) = X, (t) Xy (E) = X, (t) X () = X, (t)
' 2 : n
X, (£) X (t) : X5 (.t)
Linear system with forced imput
X (6) = ap) X) (€ + ap, Xp(e) + oew b ap X B) ()
X, (6) = ayy Xp () + ay, Xp(8) + wew + 2y X (6) +1y(6) (1.12)
X () =a ) X (6) +a () fe.ta X (6) £ (t)
a's are independent of t
In matrix form (1.12} can be written as
X{t) = A X(t) + R (&) (1.13)

' t
X(£) = Wit) X (0) + fo W(t-c} R(c) de

- =1
where W (t) =a7\0. (s1-2) "+

Example:

X, (€) = X, (t) + 1y ()

Xy(£) = 2, () = 3 Xy(8) x,(t)



0 1 .rl(t))
A= . : R(t) =
~2 =5 ' (rz(t) /

[i2e () _ 2 (t—c) e Ee) | 2 (t~c)

Wi{t—c) =

—2 (e(t—c) e 2l 2 e 2 (t=c) _ ={t—<)

2. Linear Discrete System

. {A) Discrete system with constant coefficients

11.

(i) For convenience we will consider in the begning the system with on

imput one output.

. Discrete .
X ng Y (K)

System




Y(K) - ¥(k-1) =X (k}, o is independent of k,

X(0) =1
X(k) = 0 for k # 0,
Ym) =0 ifm <0

Y(0) = 1

Y(1) - o Y(0) = X(1)

il

Y(1) = a

Y(2) = a2,... YK = o

Thus the soluticon is

|

¥ (k) ak,-for k> 0

0 for k<0
(ii) general discrete system with constant coefficients

Fxl(k+_1)\ (2 Ay eee a] 0] o))

X, (k+1) | . 8y 8y ees By, X, (k? 'bz
- = - L] + - r (k)
X (k+1) a a ee. & X (k) b

12,



13,

In matrix notation

X (k+1) =A X k) + B r (k)

X (1) =A0) +Br (0

X (2) =AX (1) + Br (1) = A% X(0) + AB r(0) + Br (1)
N k-1 .

X k) =A%) + ¢ A Br (he-l)

Linear discrete system with time deperdent coefficients:

The discussion of this type of systems and their solutions will not be

discussed here but intend to discuss in some other occacion.

‘Summary and Discussion

The identification of system and subsequent analysis involves a good deal of
canputer work. Moreover there may occur same cbjective function vhose
minimization a maximization may be of interesf. This will add to the
canplex-icity of the problem. However wifh hard work and will plenned

procedure fruitful result can alwaus be achived.,






